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Interval-valued fuzzy hypersoft set is an emerging field of study which is projected to address the limitations of interval-valued 
fuzzy soft set for the entitlement of multiargument approximate function. This kind of function maps the subparametric tuples 
to power set of universe. It emphasizes on the partitioning of attributes into their respective subattribute values in the form of 
disjoint sets. These features make it a completely new mathematical tool for solving problems dealing with uncertainties. In 
this study, after characterization of essential properties, operations, and set-inclusions (Y-inclusion and ¥-inclusion) of 
interval-valued fuzzy hypersoft set, some of its modular inequalities are discussed via set-inclusions. It is proved that all set- 
inclusion-based properties and inequalities are preserved when ordinary approximate function of interval-valued fuzzy soft set 


is replaced with multiargument approximate function of interval-valued fuzzy hypersoft set. 


1. Introduction 


Molodtsov [1] initiated the concept of soft set (s-set) to 
equip fuzzy set-like models [2-4] with parameterization 
tool. This set employs the concept of approximate function 
which maps single set of parameters to initial set of alterna- 
tives. This function is also known as single-argument 
approximate function (SAAF) due to consideration of single 
set of parameters as its domain. Many researchers contrib- 
uted towards the characterization of rudiments of s-sets 
but works of Maji et al. [5], Ali et al. [6], and Ge and Yang 
[7] for the investigation on set-theoretic operations and 
Babitha and Sunil [8, 9] for the introduction of relations 
and functions are more significant. Pei and Miao [10] intro- 
duced information system based on s-sets to handle the 
informational vagueness. Li [11] extended the previous work 
on soft operations and introduced some new operations. 
Feng and Li [12] investigated in detail the soft subset and 
soft product operations. Liu et al. [13] made discussion on 


generalized soft equal relations. Maji et al. [14] developed 
fuzzy soft set (fs-set) by combining fuzzy set (f-set) and s- 
set to deal uncertainties with parameterization tools. Yang 
et al. [15] hybridized interval-valued fuzzy set (ivf-set) [16] 
with s-set and developed interval-valued fuzzy soft set 
(ivfs-set) to tackle uncertain scenarios having interval nature 
of information and data. Jun and Yang [17] rectified some 
results on ivfs-sets presented by Yang et al. Chetia and Das 
[18] applied the notions of ivfs-sets in decision-making for 
medical diagnosis, Jiang et al. [19] calculated the entropy 
of ivfs-sets, and Feng et al. [20] characterized level soft sets 
based on ivfs-sets and applied them in decision-making. 
Liu et al. [21, 22] discussed some nonclassical properties of 
ivfs-sets and their modular inequalities based on soft ¥ 
-inclusion. 

In many real-world decision-making scenarios, the clas- 
sification of parameters into their respective subparametric- 
valued disjoint sets is considered necessary for having reli- 
able and precise decisions. Soft set-like structures 


(hybridized structures of soft set) are inadequate to tackle 
such scenarios. Smarandache [23] conceptualized hypersoft 
set (hs-set) to address the limitations of soft set-like models. 
In hs-set, set of parameters is further partitioned into dis- 
joint sets having subparametric values. It employs an 
approximate function which maps the cartesian product of 
attribute-valued nonoverlapping sets to collection of alterna- 
tives. In this way, this function is also called multiargument 
approximate function (MAAF). Saeed et al. [24] discussed 
some elementary properties and set-theoretic operations of 
hs-set with numerical examples. Abbas et al. [25] character- 
ized the notions of hs-points and hs-function for their utili- 
zation in the development of hs-function spaces. Ihsan et al. 
[26] and Rahman et al. [27] developed hs-expert set and 
bijective hs-set respectively and discussed their applications 
in multiattribute decision-making (MADM). Rahman et al. 
[28] introduced a conceptual framework for classical con- 
vexity cum concavity under hs-set environment. The 
researchers Yolcu and Ozturk [29], Jafar and Saeed [30], 
and Debnath [31] discussed decision-making applications 
based on fuzzy hypersoft set (fhs-set) (a hybridized structure 
of f-set and hs-set). Rahman et al. [32] investigated the 
parameterization of hs-set under fuzzy setting and discussed 
its utilization in decision-making. The authors Saeed et al. 
[33] and Rahman et al. [34, 35] developed hybridized struc- 
tures of fhs-set with complex set in order to tackle periodic 
nature of data. 

The existing literature on soft inclusions and modular 
inequalities for ivfs-sets is suitable for SAAF only but it is 
incapable to manage MAAF-settings. In other words, it can 
be viewed that the existing literature on fuzzy soft set is 
unable to provide a mathematical model which may tackle 
the following real-world situations collectively as a single 
model: 


(1) The situation where uncertain nature of alternatives 
(entities in universal set) is required to be judged 
by assigning fuzzy membership grades to each entity 
corresponding to each parameter 


(2) The scenarios where classification of parameters into 
their respective parametric valued subcollections is 
necessary to be considered 


(3) The scenarios which has a big collection of interval- 
base information which is required to be tackled 
with the help of its interval-valued approximate 
setting 


Therefore, motivating from the above described short- 
coming of literature, this study is aimed at developing a 
new structure ivfhs-sets which is more flexible as compared 
to existing models because it is capable to manage their lim- 
itations and is useful for having reliable and unbiased deci- 
sions due to deep focusing on parameters and their sub- 
parametric tuples. Some contributions of this research are 
(i) basic notions of ivfhs-set are characterized; (ii) the 
notions of soft inclusions discussed in [13, 17] are general- 
ized for ivfhs-sets; and (iii) modular inequalities for ivfhs- 
sets based on hs-inclusions are explored by extending the 
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concepts of Liu et al. [21, 22] and Jun and Yang [17]. The 
rest of the paper is structured as follows: Section 2 recalls 
some essential basic definitions, properties, and results relat- 
ing to ivfs-set, hs-set, and fhs-set to support the main results. 
Section 3 presents the basic notions, properties, and inclu- 
sions of ivfhs-sets with discussion on some particular cases 
of ivfhs-sets. In Section 4, modular inequalities of ivfhs-sets 
via Y-inclusion are discussed. In Section 5, modular 
inequalities of ivfhs-sets via %-inclusion are discussed. Sec- 
tion 6 summarizes the paper with some future directions. 


2. Preliminaries 


This section reviews few elementary terminologies and 
properties from literature for proper understanding of main 
results. Throughout the paper, X, I*, I, and F denote initial 
universe, power set of X, unit closed interval, and set of 
parameters, respectively. 


Definition 1 (see [16]). Assume the set Z' = {[@, 7]: 7< Va 
,¥€1} and the order relation <,) stated by [i,,7,]<,:[i, 
9, if and only if 2, <i,,9, <7, for all [2,,9,], [@,,9,] €Z’, 
then Z'=(Z', <,z:) forms a complete lattice. An ivf-set ¥” 
over X is characterized by mapping fi : X —> Z', where {i 
is called membership function of ¥”. The collection of all 
ivf-sets over X is represented by ODivfs: 


Definition 2 (see [1]). Let X = {%,,%),-++,%,,} be an initial 
universe and f = {p,, p,,--, p, } be a set of parameters then 
a SAAF is a mapping $y : @ —T * and defined as Belt 
By Dy + yf) =), where F* denotes the power 
set of X, @C F with k<n. The pair (Gs @) is known as 
s-set and represented by G. The subsets %g(p;) ¢ X are 
known as p, -approximate sets having all p, -approximate 


elements. The pair (X, P) is called soft-universe. The collec- 
tion of s-sets is denoted by Q,.. 


Definition 3 (see [17]). For any soft-universe (X, PA) with 
QC, an ivfs-set Fe = (Fg, @) is characterized by map- 
ping Fg : @—> O,,;,, where @ is the same as stated in Def- 
inition 2, and Fg is known as SAAF of Fe. The collection 
of ivfs-sets is denoted by Qi, ,... 
Definition 4 (see [15]). Let Fe = (Fg, @, )&GE =(&g, @,) 
€O,,r,> then their soft product operations, ie. A&V are 
given as: 


(1) The A-product (AND-operation) of Fy and Ge is 
an ivfs-set defined by 


FING = (Hs, 0, x Q,), (1) 
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such that 

H (Py Pr) = Fe(Pi) 1 Ge(Pr): (2) 
V(Py> Py) € @ x @). 
(2) The V-product (OR-operation) of ¥' @ and GE is an 
ivfs-set defined by 

FIVGE = (Hg, @, xO), (3) 

such that 
H (Py Pr) = Fe(Pi) UV Ge (Py), (4) 


V(P1> Po) € @ x @. 


The following two soft-inclusions relations Jun’s inclu- 
sion © y in [17] and Liu’s inclusion < y in [13] are prom- 
inent in literature for understanding the set-theoretic 
operations of ivfs-sets. 


Definition 5 (see [17]). Let Fe =(F¢, O,)&G2 = (Gg, @) 
€ Oi, F553: then 


(1) Fe is said to be ivfs J-subset of YZ, denoted by 
FLE GE, if for every p, € @, 5p, € @, such that 
Fal) $e) 

(2) ¥ S Y and GE are said to be ivfs f%-equal, denoted by 

Fre , ei, Mfg gic ger and ee 98 


Liu et al. [13] introduced the following soft inclusions by 
modifying the soft inclusion of Jun and Yang [17]. 


Definition 6 (see [13]). Let Fe = (Fe; O, ) kG =(%g, @) 
€ Oi, f,5: then 


(1) Fe is said to be ivfs L-subset of Gi, denoted by 
FLE GE, if for every p, € @, Ap, € @, such that 
Fa(P\) = Ge) 

(2) F and GE are said to be ivfs H-equal, denoted by 
ae = 8%, “Eg FEC eh and GLE C oF 


Note: both © y and C ¥ are termed as ivfs ¥-inclusion 
and ivfs Y-inclusion respectively. 


Proposition 7. If FLEE ¢ eG, then it implies F FLCE 5G. 
Definition 8 (see [13]). Fe is said to be identical to GE, 
denoted by FLEGs, if @, = @, and Fg(p,) = Gg(P,) for 
every Pp, € @, Sp, € @. 


Proposition 9. = Fe 2v%, then it implies F., eG which 


further implies F, CG. 

Propositions 7 and 9 are not valid in general. Please refer 
to [12, 13] for detailed discussion regarding the generaliza- 
tion of these results. 


Definition 10 (see [23]). Let X = {%,, X, ---,%,} be an initial 
universe and 7 = {p,, p,, ---, p,, } be a set of parameters. The 
respective attribute-valued nonoverlapping sets of each ele- 


ment of P are @ = {91 Fie Vink G = (dv Go» “1 Gon 
$s Qs = {G51 G00 00> Gant > ve Qn = {Gare Gna» Inn} and 
@=@, x @ x @ x Qn = {p> Vo» G30 °°, I> where 
each q,(i=1,2,---.r) is a n-tuple element of @ and r= 


T]i11@;|, |e] denotes set cardinality, then a MAAF is a map- 
ping Bg : VY —I™ and defined as Gs ({4 4° FH) = 


ri}, where I denotes the power set of X, “CG 
with k <r. The pair (&g, 7) is known as hs-set and repre- 


sented by $5. The collection of all hs-sets is symbolized as 
Oss 


Definition 11 (see [23]). If i be the collection of all fuzzy 
sets, then a hs-set § = (Bg 7) is said to be fhs-set if Fs 


WT where Y is same as discussed in Definition 
10, and §(¥V) is an approximate element of fhs-set for V 
eT. 


3. Properties of ivfhs-Sets 


In this section, novel notions of ivfhs-sets are characterized. 
During this characterization, focus is laid on those opera- 
tions and properties which are essential to proceed further 
for the development of modular inequalities. 


Definition 12. Let X = {J,,7,,°++,7,,} be an initial universe 
and P= {Pp,,P,,--P, +} be a set of parameters. The respec- 
tive subparametric-valued disjoint sets are @, = {7,,,7F 1 

s Pints Ba = {Pops Pop3 00s Pants By = {Pays F399 0019 Pan} oven 
Ry = CnpFro Fyn pand R=R, xR, as Xo XB, 
= {7|,7,,73,°+-.7,}, where each #(i =1,2,--+.s) is an 
-tuple element of & and s=[T?.,|Z;|, |¢| detotes set cardi- 
nality then the pair (Ypy45, WM) is known as ivfhs-set, where 
Yrus: W — Oj, and defined as Ppys({7y3 25°77 Teh) = 
OQinps({V1> Io Inj), and W CR with k <s. The collection 
of all ivfhs-sets is symbolized as Uyyuss(X> P)- 


Example 1. Suppose an organization plans to recruit a candi- 
date to fill a vacant post of assistant manager. There are six 
candidates forming an initial universe of discourse X = {C, 
, €,, ©, ©,, ©, ©} and have been scrutinized by recruit- 
ment committee. The committee further requires evaluation 
to select one of these candidates. The evaluation indicators 
are qualification (p,), relevant experience in years (p,), and 
computer skill (p,). Their subparametric disjoint sets are 
R,={F), =MBA}, ZB, = {Fo) =5, 7) = 7,73 = 10}, and Z, 


= {73, = MS - office} respectively such that R= BR, x Z, 
x R= {7,773}. Then, an ivfhs-set (Wpys5, AZ) is struc- 


tured as (Wyss A) = { (Pens (71). 71)» (Paris (F2)> Po)» (Pes ( 
73), 73)}, where 


PY eus (Fi Pap P31) = Yeus(71) 


_f{ & C, G, C, 
(0.2,0.4]° [0.3,0.5]’ [0.4,0.6]’ [0.5,0.7] f° 


Pes (Pip P22 P31) = Prus(Po) 


_f_& ©, 6; G4 
[0.3,0.6] ’ [0.4,0.7]’ [0.5,0.8]’ [0.6,0.9] J’ 


Pes (Pip P23 P31) = Prus(F3) 


_f_ & ©, G; , 
(0.1,0.5] ° [0.2,0.6]° [0.3,0.7]’ [0.4,0.8] J 
(5) 
Hence, 
C, GC, C, ©, |. 
[0.2,0.4]” [0.3,0.5]” [0.4,0.6] ” [0.5,0.7] ee 
= ©, ©, G; & |, 
(Fras #) ec [0.4,0.7]’ [0.5,0.8]” weap): 
C, C, G, CG, a 
[0.1,0.5]” [0.2,0.6]” [0.3,0.7] ” [0.4,0.8] ue 
(6) 


Its tabular representation is given in Table 1. 


Definition 13. The complement of an ivfhs-set (Ypys5, Z), 
denoted by (Wpys,Z)° is defined by (Wy, B)° = (Ways 
~ R) where Voy 1 ~ RF — Oiyg, and ~ Z stands for "not 
R. 


ivfs 


Example 2. Considering data from Example 1, we have 


C, C, GC, C, : 
[0.6,0.8]” [0.5,0.7]’ [0.4,0.6]’ [0.3,0.5}f7? 1)? 


Vo. RY = ©, ©, G; , > 
(Fras #) (0.4,0.7]’ [0.3,0.6]’ [0.2,0.5]’ [0.1,0.4)f? 7)’ 

G, C, G, G |; 

[0.5,0.9]” [0.4,0.8]° [0.3,0.7]’ [0.2,0.6]{? 7 


(7) 


Its tabular representation is given in Table 2. 


Definition 14. Let ®, = (Wtiys» 2) &G» = (Vis Bz) be two 
ivfhs-sets then their hypersoft aggregation operations, i.e., 
LI&N are given as: 


(1) Their union is an  ivfhs-set defined by G, 
LG, = (Pays: A 3) such that Vigs(P) = Pps (P) U 
Vous(P>) VP € 2, UAB, with maximum _ interval- 
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TaBLe 1: Interval-valued fuzzy hypersoft set (Ypy5, Z). 


R\\X C, C, C, GC, 

7, [0.2,0.4] [0.3,0.5] [0.4,0.6] [0.5,0.7] 
7 [0.3,0.6] [0.4,0.7] [0.5,0.8] [0.6,0.9] 
P; [0.1,0.5] [0.2,0.6] [0.3,0.7] [0.4,0.8] 


valued fuzzy degrees respective to Vij4(p) and 
Prus(P) 

(2) Their intersection is an ivfhs-set defined by G, 
1°@, = (Poss Aa) Such that Yoae(2) = Pts (P) 0 
Vins (PVP € 2, AR, with minimum _ interval- 
valued fuzzy degrees respective to Vij4.(p) and 
Prus(P) 


Example 3. Considering Example 1, we have following two 
ivths-sets. ©, = (Vie B&O, = (Pass Aa). 


({ g, G, G; G, 


= 1 = 3 
©, = (Pras #,) = (maa [0.4,0.7]’ [0.5,0.8]’ [0.6,0.9] 
©, 6, 6, G, 


G, 6, 6, C, \ 


” [0.2,0.6]’ [0.3,0.7]’ [0.4,0.8 


C, C, G, C, 
* [0.5,0.7]° [0.6,0.8] ” [0.7,0.9 
C, C, G, C, \ *) 
13 


[0.2,0.5] ” [0.3,0.6]” [0.4,0.7]’ [0.5,0.8 


GS © G&G G&G \, 
0.3,0.4]’ [0.4,0.5]’ [0.5,0.6]’ [0.6,0.7] {° 1 


(8) 
then 
G, 6, G, ©, ). 
(esi [0.4,0.5]’ [0.5,0.6]’ asamp") 
~ _ fw _ G, C, G, C, ~ 
Oi y= (Pans) = (eats [0.5,0.7]’ [0.6,0.8]” aria ps): 
, 6, 6, ©, |. 
(fee [0.3,0.6]’ [0.4,0.7)’ waa }”) 
(9) 
and 
©, G, G; ©, |. 
(Co [0.3,0.5]’ [0.4,0.6]’ asap) 
~ _ np = GC, GC, G, C, ~~ 
OTB, = (Pans Ha) = (Cent [0.4,0.7]’ [0.5,0.8]” aeia ps): 
GC, C, 6, ©, |. 
(eect [0.2,0.6]’ [0.3,0.7]’ ware} *) 
(10) 
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TaBLE 2: Complement of ivfhs-set (Wpy5, Z). 


~B\\X — C, C, C, C, 

~?, (0.6,0.8]  [0.5,0.7] [0.40.6] — [0.3,0.5] 
~F, (0.4,0.7]  [0.3,0.6] [0.2,0.5] —[0.1,0.4] 
~Ps (0.5,0.9]  [0.4,0.8]  [0.3,0.7] _[0.2,0.6] 


Definition 15. Let ©, = (Wty, 21) &G» = (Vis, Br) be two 
ivfhs-sets, then their hypersoft product operations, ie, @ & 
® are given as: 


(1) The ®-product (AND-operation) is an ivfhs-set 
defined by ©, ®G, = (Viys, A, x Z) such that 
Vins (Pp Po) = Veris(P,) OY (P2)V (Py Pr) € Bi X 
Ry 

(2) The ©-product (OR-operation) is an_ ivfhs-set 
defined by ©, 6G, = (Yiys, A, XR) such that 
Peas Pv Pa) = Vinis(P1) U Pins (Po) ¥ (Py Po) € By x 

2 


Example 4. Considering the values of two ivfhs-sets G, = ( 


Vins: 21) &G, = (Wis, Ay) from Example 3, then 


GC, 6, 6, G, (7.7 
0.2,0.4]’ [0.3,0.5]’ [0.4,0.6]’ [0.5,0.7) {7s Po)? 
G, C, GC, C, 7 
0.3,0.6]’ [0.4,0.7]’ [0.5,0.8]’ [0.6,0.9) f?\ P27)? 
GC, 6, G, G, ? 
0.1,0.5]’ [0.2,0.6]’ [0.30.7] [0.4,0.8) {7S P*)? 
GC, 6, G, G, On? 
0.3,0.4]’ {0.4,0.5]’ 0.50.6] [0.6,0.7) {7° 7-17)? 
2 C C C C 
3 me, 1 ea 3 4 a 
BGs (eis nob) ({ 0.3,0.6]’ {0-4,0.7]’ [0.5,0.8]’ [0.6,0.9 iG a ), (11) 
GC, 6, 6, G, 37 
0.2,0.5]” [0.3,0.6]’ [0.4,0.7]” [0.5,0.8) {7 7-7)? 
GC, 6, GC, GC, (P.7 
0.1,0.4]’ [0.2,0.5]’ [0.30.6] [0.4,0.7) {7° 7°)? 
GC, 6, GC, GC, (FF 
0.1,0.5]’ [0.2,0.6]’ 0.30.7)” [0.4,0.8) {°° 7°27)? 
C, 6, 6, C, yr 
[0.1,0.5]’ [0.2,0.6]’ [0.3,0.7]’ [0.4,0.8] 7°? 
and 
Gg, GC, GC, CG, F ? 
0.3,0.4]” [0.4,0.5]’ [0.5,0.6] ” [0.6,0.7 (FF) J) 
G, 6, 6, 6, a 
0.4,0.6]” [0.5,0.7]’ {0.6,0.8]” [0.7,0.9 » (Fis ¥a) J) 
G, G, GC, G, a? 
0.2,0.5]’ J0.3,0.6]’ [0.4,0.7]’ [0.5,0.8) [7 P37)? 
G, 6, G, G, ut 
0.3,0.6]” [0.4,0.7]’ [0.5,0.8]” [0.6,0.9]) {7s 7-1)? 
: ( c C C 
= 4 = 1 es 3 4 a 
Bre Bee Mai ix OG) = ({ 0.4,0.6]° [0.5,0.7]’ [0.6.0.8] [0.7,0.9 \ Gor ), (12) 
G, 6, GC, G, (7,7 
0.20.5)’ [0.3,0.6]’ [0.4,0.7]’ 0.5,0.8) {72-37 )? 
G, 6, GC, G, 7 F 
0.3,0.5]” [0.4,0.6]’ [0.5,0.7]” [0.6,0.8 » (Fai) J) 
GC, G, G, G, 7 
0.4,0.6]” [0.5,0.7]’ [0.6,0.8]” [0.7,0.9 » (F3,F2) J) 
C, C, GC, G, Fr) 
[0.2,0.5] ’ [0.3,0.6]° [0.4,0.7]’ [0.5,0.8] J? 7-3 


6 
TABLE 3: Tabular representation of 6, @~G,. 

Ry X B,)\\K €, G, CG, C, 

Fis Py) 0.2,0.4] [0.3,0.5]  [0.4,0.6] _[0.5,0.7] 
rere 0.30.6] [0.4,0.7]  [0.5,0.8]  [0.6,0.9] 
fot) 0.1,0.5] [0.20.6]  [0.3,0.7] [0.40.8] 
Posty) 0.30.4] [0.4,0.5] [0.5,0.6] _ [0.6,0.7] 
55%) 0.30.6] [0.4,0.7]  [0.5,0.8]  [0.6,0.9] 
a) 0.2,0.5] [0.3,0.6]  [0.4,0.7] _[0.5,0.8] 
Toh) 0.1,0.4] [0.20.5] [0.3,0.6] _[0.4,0.7] 
Pas Fo) 0.1,0.5] [0.2,0.6] [0.3,0.7] _[0.4,0.8] 
Pt) 0.1,0.5] [0.20.6]  [0.3,0.7] _[0.4,0.8] 

TaBLe 4: Tabular representation of ©, 6G). 

BR, x B® 4) \\X — C, C, GC, GC, 

Fist) 0.30.4] [0.4,0.5] [0.5,0.6] _ [0.6,0.7] 
7, 7) 0.4,0.6] [0.5,0.7] [0.60.8] _[0.7,0.9] 
is Fy) 0.2,0.5]  [0.3,0.6] _[0.4,0.7] _[0.5,0.8] 
fs Fi) 0.30.6] [0.4,0.7]  [0.5,0.8]  [0.6,0.9] 
fo» 7) 0.40.6] [0.5,0.7]  [0.6,0.8] [0.70.9] 
Ty 75) 0.2,0.5] [0.3,0.6]  [0.4,0.7] [0.50.8] 
(a 28 0.3,0.5] [0.4,0.6] [0.5,0.7] _[0.6,0.8] 
73, 7) 0.4,0.6] [0.5,0.7]  [0.6,0.8] _[0.7,0.9] 
ti) 0.2,0.5] [0.3,0.6]  [0.4,0.7] _[0.5,0.8] 


Their tabular representations are presented in Tables 3 
and 4. 

Now, we present the generalized version of f-inclusion 
and Y-inclusion for ivfhs-sets with entitlement of multiar- 
gument approximate functions. 


Definition 16. Let ®, = (Wtiys> 21) &G» = (Vixs> By) be two 
ivfhs-sets then 


(1) G, is said to be ivfhs f-subset of G,, denoted by 
AC -B, if for every 7, ¢€ #2, Ar,¢ A, such that 
Pinis(71) S Pens (Fa) 

(2) G, and G, are said to be ivfhs ¥-equal, denoted by 
6,= ,G,, if 6, ¢ ,G, and GC GB, 


Definition 17. Let ®, = (Wtiys» 2) &G> = (fxs Bz) be two 
ivfhs-sets, then 


(1) G, is said to be ivfs H-subset of G,, denoted by 
G, © ,G,, if for every 7, € Z,Ar, € Ry such that 
Pis(71) = Pins (Fo) 
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(2) G, and G, are said to be ivfs H-equal, denoted by 
G,= ,G,, if G6, = ~G, and G,= 4G, 


Note: both © y and Cy are named as ivfhs ¥-inclu- 
sion and ivfhs #-inclusion, respectively. 


Proposition 18. If ©, € ~G,, then it implies ©, © ,G>. 


Definition 19. Let ©, = (Why, 2 )&G, = (Ving By) be two 
ivfhs-sets then G, is said to be identical to G,, denoted by 
©, 2G,, if B= A, and Piae(F,) =Pas (Fo) for every f, 
€ RAP, € BR. 


Proposition 20. If G,=G,, then it implies ©, C ~G, which 
further implies GC ,G,. 


Proof. Let 6, =G,, then by Definition 19, we have 2, = Z%, 
and Wiss (71) = Vays (72) for every 7, € Ry Ar, € R,. By Def- 
inition 17 part (1), we get 6, C ~G,. Now, applying Propo- 
sition 18, we obtain GC ,G,. 


It is pertinent to mention here that the results presented 
in Propositions 18 and 20 are not legitimate in general. Both 
‘© , and © » are preorder for Uiyanos(X, P). 


Proposition 21. The relations = g and = x satisfy the prop- 
erties of equivalence relation on Oivass(X P). 


Proof. Applying the concept stated in Definitions 16 and 
Definitions 17, it is clear that both = ¢ and = ¢ satisfy reflex- 
ive property as G,= ,G@, and = ,G,. Their symmetric 
and transitive nature can also be deduced from these men- 
tioned definitions. These properties collectively conclude 
that both = z and = y are equivalence relations. 

We know from classical set theory, for a set D# © with a 
preorder <, an upward directed set is a set (D, <) in which 
every pair of elements in D has an upper bound, ie., for d, 
,d, €D, there exists d, such that d, <d,andd,<d,. The 
following definition is the generalized set theoretic version 
of upward directed set under hypersoft set environment. 


Definition 22. An ivths-set (Vpys, Z) with R# © is called 
an upward directed ivfhs-set (UD-ivfhss) if for 7,,7, € Z, 
there exists 7, € # such that 


{¥ rus(71) UY pis(F2)} SP ers(73)- (13) 


Example 5. Considering data from Example 1, we have ivfhs- 
set G= (Veys, Z) as given below 
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©, G, G; & |, 
[0.2,0.4]” [0.3,0.5]’ [0.4,0.6]” [0.5,0.7] f? 1)’ 


. wa ©, G; &% |; 

(Fras #) Cfecre (0.2,0.6)’ [0.3,0.7]’ [0.4,0.8){"'2)’ (’ 
©, ©, G; & |, 
[0.3,0.6]” [0.4,0.7]’ [0.5,0.8]” [0.6,0.9] J” * 


(14) 


with tabular representation as given below in Table 5. It can 
easily be seen that {Wpys5(7,) U Ypys (7) } © Vpys(73) which 
shows that (Ws, AZ) is an UD-ivthss. 


Proposition 23. An ivfhs-set G=(Vpy ZR) with We ={ 
Vays(F): F€ BR} is an UD-ivfhss if and only if (WS) is 
an UD-ivfhss. 


Proof. Let G = (Wpys, #) be an UD-ivthss then by definition 
of UD-ivthss, then following conditions hold: 


(i) R#EOD and We ={Vpys(7): FER} COs Wey # 
12) 


(ii) for 7,7, € RAF, € ZB such that {Wpys(7,) U Vpys( 
7) } S Pens (Fs) 


The second condition implies that Ypys5(7,) © Vpys(73) 
and Wp (7) SV pys(73) which proves that (Wg, C) is an 
UD-ivfhss. 

Conversely, let (Wg, ) is an UD-ivfhss, then the below 
given clauses hold due to definition of UD-ivthss: 


(i) both & and We are nonempty sets 


(ii) for 7,,7, € &, there exists an upper bound for Ppy¢ 
(7,) and Vyas (7) in Wg which means 37, € Z such 
that Ppys(71) Pes (73) and Preys (7) S Pers (F5) 


The clause (ii) further implies {Wpys(71) U Yes (Fo) } S 
VY ays(F3) which shows that G = (Ways, Z) is an UD-ivthss. 


Proposition 24. An ivfhs-set G= (Vays, BZ) with R#D is 
an UD-ivfhss if and only if 6= ,6 6B. 


Proof. Let ©®G=(Ypys, Ax Z) with G= (Vey, Z) be 


an UD-ivfhss. Therefore, there exists 7; € 2 corresponding 
to pair (7,,7,)€ RX st. 


Ypus(*p 72) = {¥eus (71) U Pers (72) }> (15) 

and 
{¥pus(71) U Pens (72) } S Pens (73)- (16) 
Combining above equations, we obtain Ypys(7), 7) ¢ 


Yrys(73) which shows that © 6 GC ,G but we know that 
GC ,G HG; hence, G2 ,G 6G. 


TaBLE 5: An upward directed interval-valued fuzzy hypersoft set ( 
Pes, 2). 


R\\X mri C, GC, GC, C, 

, [0.2,0.4] [0.3,0.5] [0.4,0.6] [0.5,0.7] 
tT, [0.1,0.5] [0.2,0.6] [0.3,0.7] [0.4,0.8] 
T; [0.3,0.6] [0.4,0.7] [0.5,0.8] [0.6,0.9] 


Conversely, let G2 ,G G then G@GC ,G implies ( 
Yes» BX B) CS g, that is, there exists 7, € # correspond- 
ing to pair (7|,7,)€ Rx st. 


Yeus(Fi> ?2) = {Prus(71) U YP eus(P2) } < Pps (73)> (17) 


which proves that G = (Wpy5, Z) be an UD-ivfhss. 


Corollary 25. Let G = (Y p45, Z) be an ivfhs-set with R ¢ ©, 
then the given below statements are equivalent: 

(1) & is an UD-ivfhss over x 

(2) Wo ={V pus (7): F€ BR} is an UD-ivfhss w.r.t © 


G2 ,GSG, 


18 
GSGC G. ae 


Proof. These can easily be verified by considering the conse- 
quences of Proposition 23 and Proposition 24. 


4. Modular Inequalities of ivfhs-Sets via 7- 
Inclusion 


Liu et al. [22] discussed some modular inequalities for ivfs- 
sets which employs approximate function that is unable to 
tackle multiargument settings (i. cartesian product of 
sub-parametric valued disjoint sets); therefore, in this sec- 
tion, such modular inequalities are generalized to manage 
such kind of settings. 

Let X = {6,,0,,---,6,} be an initial universe and @ = { 
C,,€),°+5€,} be a set of parameters. The respective 


Ko= KX By X By X00 X 
SK, = (ky, ky ky. +++, ky}, where each k,(i=1,2,.-++,@) isa 
n-tuple element of #, and a=[|]?_,|.%;|, |e| denotes set car- 
dinality, then the pair (Wpys,-%) is known as ivfhs-set, 
where Wpys ? H —> Oye, and defined as Weys({k, ky. 


Ky}) = Quyes({1, 0, +++ 0, }), and HK CS with p< a. 


8 
Theorem 26. Let ©, = (Whig, X ;)&Oy = (Wey Ho) be two 
ivfhs-sets, then 
6,C 70, 66,, 
0, 70,66, 
2 Zea t 2 (19) 


Theorem 27 (Generalized commutativity of ivfhs-sets). Let 
©, = (Why % 1)&O2 = (Ways H2) be two ivfhs-sets, then 


©,60,¢,6,86,, 
= a ahi o (20) 
6,66,¢,6,66, 
Theorem 28. Let ©, = (Whys, H1)s O2= (Vins # Ky)&O; = 
(Wiis H3) be three ivfhs-sets with ©, C yO, then 
©0,60,C 40,60, 
6,66, 0,66, 
= 7 = - (21) 
6,66,¢,0,66,, 
©,@0,¢ 70,60, 
Proof. 
(1) Let 6,66 a = (Vins) © (Vinigy H1) = Cris» 
H,x H,) and 6,6 ©, = (Wiys»%s) © (Vins %2) 
= (Gg Rg). “Since given that 6, € 40, 


which implies that there exists k, €.%, for every k, 
€ #, such that 


if 
Wrus 


(k,)=Wuys(ko). Let (ks, k;) € Hy x H,, then by defini- 


tion of 6, we have 
ius (Ko kr) =weus(Rs) Uwtus(Ri)- (23) 
By combining Equation (22) and Equation (23), we get 
Crus (KF) = Weus(Rs) Uveus(Re)- (24) 
Similarly for (k;, k,) €. H, x H>, we get 
ins (Ks k,) = Vinis(Bs) UWins(R,)- (25) 


From Equation (24) and Equation (25), we ve get ¢ Crs (ks, 
ky) =Coas(ks, ky), which shows that ©,60,¢ € 7036 ® O,. 
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(2) According | to second part of Theorem 27, we have 
0, ® @,¢ € 40, ® 6, which implies that 


Vous (é) U Wrus (k;) = Virus ( s) U Vins (A 2): (26) 


Therefore, from Equations (24), (25), and (26), it is vivid 
that Gris (kyo ky ) =Crys(k>, k;) which shows that 0,60, 
c carn ® 03. 

Part 3 and part 4 can easily be verified with the help of 
Theorem 27(2) and above results. 


Theorem 29. Let (Ving % &(Diys, 8;) be two ivfhs-sets 


i) 
with (Whys H1) © (Phys 81) and (Why H2) © ¢(Pins» 
S,), then 


(Ver Hy) Ce 


(Dins> Sy). 
(27) 


(Wire % 1) ® g(Pis8 1)® 


Theorem 30. Let ©, = (Way eau = = (Vis> Ky) XO; = 
(Wiis: #3) be three ivfhs-sets with ©, ,O, then 


©0,80,C 70,80, 

0,86,C 70,66, 
a heals i (28) 

6,66,¢,6,86,, 

©,8®0,¢ 40,80, 

Proof. 

(1) Let 6,8 ©, = (Wis Xs) 8 (Whigs #1) = (Enise 
H,xH,) and © 38 6, = (Why % 3) ® (Viris» #2) 
= (Erg, Hs). Since given that 0, €76, 


which implies that there exists k, €.%, for every k, 
€ #, such that 


Vens (é 


ee Wrus(ky). Let (ky, k,) € H; x H,, then by definition 


of @, we have 
ers (k, k,) = Vins (k:) N Wes (é,) (30) 
By combining Equation (29) and Equation (30), we get 
ers (k, ky) = Vins ( 5) A Wens (k, ). (31) 
Similarly, for (k;, k,) €. %3 x H,, we get 


erus (ks, k,) = Wrens (k;) N Weis (é) : (32) 
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From Equation (31) and Equation (32), we get am (k; 
k,) = f2us(k;, k,) which shows that ©, ® ©, C40, @ 
6, 


(2) According to Theorem 27, we have 0, ® ae 
©, ® ©, which implies that 


Vas (Fa) 9 Vis (s) = Wes (B) O¥as(B)- 3) 


Therefore from Equations (31), (32), and (33), it is vivid 
that Ernis (kyo ky ) = Efus(ko, k3) which shows that 0,40, 
C70, 6. 
Part 3 and part 4 can easily be verified with the help of 
Theorem 27(2) and above results. 


Theorem 31. Let (Wis, %;)&(Diys 8;) be two ivfhs-sets 
with (Wings H1) © o(Piys S1) and (Wins, H2) © y(Pins> 


ea then (Wir % 1) ® (Wers> KH) © o(PhgS1) ® (Dns, 
Sy). 


Theorem 32 (Generalized distributive inequalities of ivfhs- 
sets). Let O) = (Wixs: 1), O2 = (Wins» H 2) &O3 = (Wins 
K;) be three ivfhs-sets then 


5. Modular Inequalities of ivfhs-Sets via 7- 
Inclusion 


Jun and Yang [17] discussed some modular inequalities for 
ivfs-sets by extending the concept presented by Liu et al. 
[22], and this concept too shows inadequacy regarding mul- 
tiargument approximate settings (ie., cartesian product of 
subparametric valued disjoint sets); therefore, in this section, 
such modular inequalities are generalized to manage such 
kind of settings. 

Let X = {Hi,, fy, +, 
15 V>5 °° 


ii, } be an initial universe and Y = { 
-+,0,+ be a set of parameters. The respective 
subparametric-valued pe sets are D, = {dy,, Ay», my 
darh D= ~ {dy,,d 22> * dyn}, Ds; = {ds,, dsp, o day} estas > 
= {dd not a and D=D, X Dy XDzyX 1 XD, 
= a aa : ,d,}, where each d(i =1,2,---.,s) is an n 
-tuple element of J and s=]]',|F;|, |e| denotes set cardi- 
me then the pair (Ypy5,D) is known as ivfhs-set where 
Pris? D— Oye and defined as Vpys({dy dy, +s yh) = 
Ow ({t, H.-H, }), and DOV with k<s. 


Theorem 33. Let 
ivfhs-sets, then 


1 = (Vins: D1) 8B, = (Vins Dz) be two 
W)C ,W, 6 BW,, 
W,C ,W, SW, 
W@W, BW), 
W, @W,C ,-W,. 
Theorem 34. Let %, = (Wins: D,), BW, = = (Pius D,)&B, 
= (Vinys» D3) be three ivfhs-sets with YC ,%B,, then 
W,; 6 W, © ,W,; 6 BW,, 
W,; SW, C ,W, 6 BW,, 
W, SW, © ,-W, 6 BW,, 
W, SW, Cc 7B; 6 W,. 
Theorem 35. Let (Whi D;)&(Diyzs, 8;) be two ivfhs-sets 


with (Wius> D,)S g (Phys, S;) and ( Pinus» D2 )S ¢(Piys, 
S,), then 
(Yis-D1) ® (Pors» Dy) g 


(Pix159S 1) 6 (Pins, 5). 


(37) 


Theorem 36. Let ®, = (Vins FD), W> = = (Fins D,)&B, 
= (Vhs, D3) be three ivfhs-sets with BW, C © 7B, then 


W,;@W, © ,W,; ds BW,, 

W; ? ne : B;, ae 

W@W, C -W, 2 BW,, 

W, &W,C Cc 7B; & W,. 
Theorem 37. Let (Wis, B;)&(Pizs, 8;) be two ivfhs-sets 
with 

(ini Ry) g(Prns> S1), (39) 
and 

(Yints» R2) © gy (Pins» Sy)> (40) 
then 

(YirisxF1) ® (Vins Rr) © g(PipS1) ® (Dis 82). 
(41) 


Theorem 38. Let %, = (Vins. D1), Wo = (WFr5, Dr) 8B; 
=(Vii9D3) be three ivfhs-sets, then (WB, 6W,) ® BW, 
CS 7, 6 (W, d W,). 


10 


Proof. From Theorem 32(1), we have 

(, 6 W,) @W, © 7 (W, & W,) $(W,eW,), (42) 
and then, after applying Proposition 18, we get 

(2B, 6 W,) & W, © ,(W, @ W,) 6 (W, SW), (43) 
and by Theorem 33, we obtain 3, ® YW, © 28); therefore, 

(2B, 6 W,) & W, © ,W, 6 (W, & W,), (44) 

implies 

(3, © W;) 6 (W, @ %B,)C BW, & (YW, ®W;), (45) 


which leads to following final result due to transitivity of 
Cc 
ae 


(2B, 6 W,) SW, © ,W, 6 (W, & W,). (46) 


Corollary 39. Let %, = (Wins: Dy); Wo = (Wrs> Dr) KDB; 
= (Wins: D3) be three ivfhs-sets then 


(2B, SW) dW, C ,W, 6 (W, @ ®W,), 
(8, 6 W,) @W, C ,W, 6 (W; o W,), (47) 
(WW, 6 W,) &W,C ,W, 6 (W, ® W,). 
Proof. From Theorem 27(2), we have 
W, 6W,= ~W, 6 BW,, (48) 
and then, after applying Proposition 18, we get 
W, 6 W,= ,-W, 6 BW,, (49) 
implies 
W, 6 W, C ,W, 6 Wh. (50) 


Taking ® on both sides of above inequality with %,, we 
have 


(2B, 6 W,) @W, C ,(W, SW,)@W;, (51) 
but by Theorem 38 
(W, 6 W,) @W, C ,W, S(W,SW,), (52) 


which leads to following final result due to transitivity of 
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Other parts can easily be validated in the similar manner. 


Corollary 40. Let 3, = (his) Dy), Wo = (Vers, Dr) &B; 
= (WFrs) D3) be three ivfhs-sets then 


W, & (W, S W,) © ,W, 6 (W, & W,), 
W, @ (W, 6 W,) C ,W, 6 (W, & W,), ey 
W, & (W, S W,) © ,W, 6 (W, & W,), 
W, & (W, 6 W,) © ,W, 6 (W, S W,). 


Corollary 41. Let %, = (his D;), Wo = (Vers, Dr) &B; 
= (3449: D3) be three ivfhs-sets, then 


YW, ® (YW, S W,) © -(W, & W,) $ BW, 
W, & (W, 6 W,) © -(W, o W,) 6 W,, (55) 
W, & (W, 6 W,) © -(W, o W,) 6 W,, 
W, & (W, 6 W,) © ,(W, & W,) 6 W,. 


Corollary 42. Let %8, = (Yh D,), BW. = (Vr Dr) 8B; 
= (V3i499 D3) be three ivfhs-sets, then 


(BW, 6 W,) SW, © ,(W, s W,) 6 BW, 
(W, $W,) W,C ,(W, Ss W,) $B, oe 
(BW, $W,) W, CS ,(W, s BW,) $B, 
(W, $W,) 6 W,C -(W, S W,) SW, 


Theorem 43. Let %, = (Wins: D:)> Ws = (Vrs: Do) & 3B; 
= (Vinys» D3) be three ivfhs-sets. If Y,C WW, then 


W, 6 (W, & W,;) © ,(W, 6 W,) & (W, 6 W,). (57) 
Proof. From Theorem 32(2), we have 
YW, 6 (W, ®@W,) C 7 (W, $ W,) ® (W, S$ W,), (58) 
and then, after applying Proposition 18, we get 
W, 6 (W, ® W;) C ,(W, 6 W,) d (W, 6 W,). (59) 
since given that, 
WW, C ,W;. (60) 


Taking @ on both sides of above inequality with YW , we 
have 


W, SW, CW, 6 Ws, (61) 


implies 
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W, 6 (W, ® 3) © (BW, & W,) @ (W; 6 W,;), (62) 


such that 


(2B, 6 W,) @ (W, 6 W,) 


7B, 6 W,) ®(W;6W,), (63) 


in) 


which leads to following final result due to transitivity of 


— 


oy 


~ — ~ 


W, } (W,  W,) CS ,(W, $ W,) & (W, SW,). (64) 


Example 6. Let X = {ii,, 21, 013, 24, H;} be an initial universe 
and Y = {7,,¥5, V3, V4, Vs, Ve} be a set of attributes. The 
respective attribute-valued disjoint sets are D, = {d,,}, D, 
= {do1, do}; D; = {d31,d3}, Dy = {dy dy} Ds = {ds)} 
De = {dg}, and D=D, xB, x Dy x. KD, = {dy dy, dy 
, dy, ds, dg, dy, dg}. Let us take &, = {d,, d,,d3}, > ={d,, 
ds}, and &;={d,,d,,dg} as subsets of Y, then we have 
three ivfhs-sets %, = (Vins, 1), Wo = (Wiys, Fp) KDW; = ( 
Ves, 63) with 


Pius d, = 


Pius d, = 


S 
Oo 
Ss 
N 


Piss a, a 


Co 
iS 
i) 
N 


( 
( 
( 
Vins ( 
( 
( 
( 
( 


) 
See ale SS afi eB <e 6Ee KES 
| 
tT cert Tt eet Ul ct Tt ete ate ct 
; S : ‘ é 
Zs 
‘ ‘ S ‘ ‘ ‘ 
0 
ro) 
eS) 
o|”’ 
0 
S 
ol sy 
o/s 
oo 
oS 
Sa) 
o|* 
co 
So 
ES) 
o;}v 
0 
ee 


y__(7.) = a a, Uz tig Us 
FHS 5 > > > > > 
0.6,0.8]  [0.7,0.8]  [0.8,0.9]  [0.8,0.9]  [0.7,0.9 
w_(7)-= u U, Uz tig Us 
FHS 6 > > tT > > 
0.3,0.8]  [0.4,0.9] [0.5,0.9]  [0.6,0.7]  [0.7,0.8 
w__(7,) = a a, Uz tis Us 
FHS 7 > > > > > 
0.4,0.8]  [0.5,0.9] [0.6,0.9]  [0.7,0.8]  [0.8,0.9 
w__(7.) = u Uy, U3 tig Us 
FHS 8 > > > > 
0.5,0.8]  [0.6,0.9] |0.7,0.9| |0.8,0.9]  {0.6,0.9 
(65) 


It is clear that Piys(di) © Pouis(d6)> Vins (42) © Pins 
d,), and V1,.5(d3) © Y3u4s(dg); therefore, 3B, C Ws. 

Consider 8, = W,®W, or (Opys, Fy x S3) = (“us 
8p) ® (Woys. 83) with 


> 


> > > 


> > > 


> > > 


Now, let Y, = W, 6 (YW, ® W,) or 


(Ypus 8) x (8 x 83)) = (Pius 21) ® [(W iis F2) ® (Pinas» &;)], 
(67) 


> > 


= 
ty 
B 
“s) “s> “ep “s) “ap “sa “ear “st “ed “so “sr “ar “a> “a? “ap 
i) 
nN 
& 
&) 
Stic See el COU le CC 
ll 
LVEF FBS. OSS SS SS OS OSS SSS A SE So aa ae ee 
‘ a : 
) ) ls) ) ) 
‘ 
Co 
Oo 
2! 
oO 
Co 
oO 
Sf 
Oo 
wo 
oO 
a 
Oo 
wo 
Oo 
a 
Oo 
wo 
OOO a (ani aa ae ae ee Se” 
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ae ae _ ay i, ils iy ils 
Yeus (dds de) 7 { [0.4,0.8]’ [0.5,0.8]’ [0.6,0.9]’ [0.7,0.8]’ [0.7,0.8] \, 


a4 4\_f & ii, ii, ii, ii, 
Yeus (ds dd) 7 { [0.4,0.8]’ [0.5,0.8]” [0.6,0.9]” [0.7,0.8]’ [0.7,0.9] \ 


ae a a, ty Oy Uy ts 
Yens (4 dys) 7 { [0.5,0.8]’ [0.6,0.8]’ [0.7,0.9]” [0.8,0.9]’ [0.6,0.9] \. 
(68) 


Now, we find 28, = W, 6 W, = (Whys:F1) ® Ways» So) 
= (Dhaes Oy * Sa) with 


ol G A \& uy, uy) Uz Ug Us 
i ea 0.5,0.8] [0.6,0.8] [0.7,0.8]” [0.8,0.9]° [0.6,0.8] {° 
o...(d , a:\ = uy, ; uy , 0, ; U4 ; Us : 
tn el 0.6,0.8]” [0.7,0.8]” [0.8,0.9]’ [0.8,0.9]” [0.7,0.9 


> > > > 


> > > > 


> > > > 


Similarly, WW, = W, 6 W, = (Yiys°83) 6 (Vig Ss) = ( 
Ding, 3 X 63) with 


> 


> > > 


Lastly, W, = W, ®@ W_ = (W, 6 W,) & (W, 6 W,) = ( 
Diys> Ex ,)® (Poys> &,x 63) = (Pius, (8, x &) x (6; 
x &3)) with 
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47)\-f_% ii, ii, ily iis 
a ad :)) ~ | [0.3.0.8] [0.4,0.8] ’ [0.5,0.8]° [0.6,0.7]’ [0.6,0.8] f’ 


uy Uy uz U4 Us 


Ps ( (dvds). (4 a)) = { [0.4,0.8] ’ [0.5,0.8] ’ [0.6,0.8]” [0.7,0.8]’ [0.6,0.8] \ 


Pins (Ards), (4 as)) 7 { wsoR wean arom aang aang \ 


$ fie as (ea th i ii, ii, iis 
Pius ( (dvds), (4 4s) 7 { [0.5,0.8]° [0.6,0.8]’ [0.7,0.9]’ [0.8,0.9]’ [0.6,0.9] \ 


(71) 
It can be seen that 
BW; C ,W, = W, 6 (W, ® W)C yg, (72) 
(2B, 6 W,) ® (YW, 6 W,) is not valid in general. 


Corollary 44. Let %, = (Yhys D,), Wo = (Vey, D2) 82D; 
= (Vinys» D3) be three ivfhs-sets. If YW,C WW, then 


Dat} 
W, 6 (W, S W,) © ,(W, 6 W_) & (W, 6 W,), (73) 
Dit} 


Proof. From Theorem 27(2), we have 

W, © W,= ~W, © W,, (74) 
and then, after applying Proposition 18, we get 

W, &W,= ,-W, oW,, (75) 
implies 

W, WC ,W, & Ws. (76) 


Taking @ on both sides of above inequality with %8,, we 
have 


W, 6 (W,; & W,) © ,W, 6 (W, & W,), (77) 
but by Theorem 43, we get 
BW, S (W, @W,) © ,(W, S W,) o(W, 6W,), (78) 


which leads to following final result due to transitivity of 


— 


Sy 
W, 6 (W, & W,) € ,(W, 6 W,) (W,SW,). (79) 


Other parts can easily be validated in the similar manner. 
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Corollary 45. Let 8, = (Wins D;)s Wo = (Wis> Dr) KB; 
= (Vinys» D3) be three ivfhs-sets. If Y,C ,%W,, then 


BW, S (W,; @ W,) © -(W,; > W,) & (W, 6 BW,), 
BW, 6 (W, @ W,) © ,(W, 6 W,) & (W, 6 W,), (20) 
BW, (YW, @ W,) © -(W, 6 W,) @ (W, SW,), 
W, 4 (W,; @ W,) © ,(W, 6 W,) & (W,  W,). 


Corollary 46. Let 3, = (Yin, D;)s Wo = (Wiys> D>) KB; 
= (Winys» D3) be three ivfhs-sets. If Y,C 5, then 


(W, & W,) 6 W, © ,(W, 6 W,) d (W, 6 BW,), 
(W, 6 W,) 6 W, CS ,(W, $ W,) 6 (W,SBW,), a 
(BW, 6 W,) 6 W, CS ,(W, > W,) 6 (W, SW,), 
(W, 6 W,) 6 W, CS ,(W, $ W,) 6 (W, SW,). 


Corollary 47. Let 3, = (Vin D;); Wo = (Wiys> Dr) K&B; 
= (Vinys» D3) be three ivfhs-sets. If Y,C BW, then 


(2B; @ W,) 6 W, C ,(W, $ W,) & (W, 6 W,), 
(WW,  W,) 6 W, C ,(W, $ W,)  (W, 6 W,), (22) 
(2B, ® W,) SW, C ,(W, $ W,) S (W, 6 W,), 
(2B; @W,) 6 W, C ,(W, S W,) & (W, 6 W,). 


Theorem 48. Let %, = (Wins, D,)> Wo = (Cys, Dr) &B; 
= (Vis: D3) be three ivfhs-sets. If W)C 7%; and BW, is 
an UD-ivfhss, then we have 


WO (W, o W,)= -(W, 6 W,) o BW. (83) 
Proof. Since we know from Theorem 43 that 
W, 6 (W, & W,) © ,(W, 6 W,) @(W, 6 W,), (84) 


As given that %8, is an UD-ivthss, therefore, YW, 6 BW, 
= ,%8, which implies %, 6%, C ,%8, such that 


W, 6 (W, ® W;) © ,(W, 6 W,) dW, (85) 
implies 
(2B, S W,) & (W, S W,) C 7(W, SW,) @W5;, (86) 


which leads to following final result due to transitivity of 
ce 
=F 


W, 6 (W, 6 W;) © ,(W, 6 W,) o W;. (87) 
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Corollary 49. Let %, = (“hs D,), Wo = (Vans Dr) 2B; 
= (Vei499 D3) be three ivfhs-sets. If 38°C 73S, and %8, is 
an UD-ivfhss, then 

W, O (W,; o W,)= -(W, 6 W,) o BW;, 

W, 6 (W,; & W,)= -(W, 6 W,) o BW;, (88) 

WO (W, & W,)= ¢(W, 6 W,) o Ws. 


Il 


Proof. Since we know from Theorem 27 that 8, & W,= g 
28, ® %, which further implies that W, ® W,= ,W, ® 
W,, Le., 
W, &W; CW, & W,, (89) 
and 
W, @W,C ,W,  W;. (90) 
By applying Theorem 36, we have 
W, } (W, ® W,) © ,W, 6 (W, @ ®W,), (91) 
and 
W, } (W,; ® W,) © ,W, 6 (W, @ ®W,), (92) 
so 
W, 4 (W, ® W,)= ,W, 6 (W, o BW,), (93) 
since by Theorem 48, we have 
W, 6 (W, & W,)= -(W, 6 W,) o BW). (94) 
Hence, 


BW, 6 (W, S®W,)= -(W, SW,)SW,. (95) 


Corollary 50. Let 3, = (Whi) Dy), Wo = (Ves, Dr) &B; 
= (Wig: D3) be three ivfhs-sets. If WC 7%; and W, is 
an UD-ivfhss, then 


(BW, & W,) 6 W,= ,(W, $W,) BW, 
(BW, & W,) 6 W,= ,(W, $ W,)  W,, ee 
(BW, & W,) 6 W,= ,(W, $ W,) SW, 
(BW, & W,) $ W,= ,(W, $W,) S W,. 


Corollary 51. Let %8, = (Wf D,), BW. = (Vs Dr) 8B; 
= (Vins, D;) be three ivfhs-sets. If Cc 7B; and %8, is 
an UD-ivfhss, then 
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TABLE 6: Structural comparison of proposed structure with existing 
relevant models. 


References Structures DoM SAAF MAAF DFPT IVTD 
Molodtsov[1] f-set * Jv x x x 
Zadeh [2] f-set J x x x 
Maji et al. [14] fs-set v J x x x 
Yang et al. [15] _ivfs-set J J x x Jv 
Zadeh [16] ivf-set J x x x J 
propesed ivfhs-set JV Jv v Jv Jv 
model 

(8, ® W,) 6 W,= 7s; ® (2B, ® W,), 

(WW; @ W,) 6 W = ,W, o (W, o BW,), (97) 

(XB, ® W;) 6 W,= 7; ® (8, ® W,); 

(2B, ® W;) 6 W,= 7; ® (2B, ® W,). 


Corollary 52. Let 3, = (Win Dy); Ws = (Wiys> D>) DB; 
= (Vinys» D3) be three ivfhs-sets. If ®, © 7%; and W, is 
an UD-ivfhss, then 


W, 6 (W, SW,)= ,-W, s (W, BW,), 
W, 6 (W,  W,)= ,-W, o (W, S®W,), - 
BW, 6 (W, S W,)= ,-W, s (W, $BW,), 
W, } (W,  W,)= ,-W, S (W, SW,). 


5.1. Discussion. Now, we prove the flexibility of our pre- 
sented model ivfhs-set through structural comparison based 
on some important evaluating features like DoM (degree of 
membership), SAAF (single-argument approximate func- 
tion), MAAF (multiargument approximate function), DFPT 
(deep focus on parametric tuples), and IVTD (interval-val- 
ued type data). The Table 6 presents this comparison with 
some relevant existing studies. Some of the advantages of 
the proposed model are as under: 


(1) It is capable to manage the uncertain nature of alter- 
natives (entities in universal set) by assigning fuzzy 
membership grades to each entity corresponding to 
each parameter 


(2) It has ability to tackle the scenarios where classifica- 
tion of parameters into their respective parametric- 
valued subcollections is necessary to be considered 


(3) It is useful to manage big collection of interval-base 
information with the help of its interval-valued 
approximate setting 


In short, the ivfhs-set tackle all the above three situations 
collectively in one model. 
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6. Conclusion 


In this research, some essential elementary rudiments (i.e., 
properties, set-theoretic operations, and set-inclusions) of 
ivfhs-set are conceptualized, and then, some modular 
inequalities of ivfhs-set are established by employing the 
concept of Y-inclusion and ¥-inclusion. It is observed that 
the transformation of approximate function from ivfs-set to 
ivfhs-set preserve all set-inclusion-based properties and 
inequalities. As this paper focuses on the fuzzy membership 
with interval setting under hs-set environment, so it is inad- 
equate for the scenarios where the consideration of falsity 
degree and indeterminacy degree is mandatory. Therefore, 
the future work may include the extension of this study to 
tackle above said scenarios. This can also be extended to 
the development of algebraic structures based on fuzzy 
hypersoft set with interval-valued setting. 


Data Availability 


No data were used to support this study. 


Conflicts of Interest 


The authors declare that there are no conflicts of interest. 


References 


1] D. Molodtsov, “Soft set theory—first results,” Computers & 
Mathematics with Applications, vol. 37, pp. 19-31, 1999. 
2] L. Zadeh, “Fuzzy sets,” Information and Control, vol. 8, no. 3, 
pp. 338-353, 1965. 
3] K. Atanassov, “Intuitionistic fuzzy sets,” Fuzzy Sets and Sys- 
tems, vol. 20, pp. 87-96, 1986. 
4] F. Smarandache, Neutrosophy, Neutrosophic Probability, Set, 
and Logic, Analytic Synthesis and Synthetic Analysis, American 
Research Press, Rehoboth, 1998. 
P. Maji, R. Biswas, and A. Roy, “Soft set theory,” Computers & 
Mathematics with Applications, vol. 45, pp. 555-562, 2003. 
M. Ali, F. Feng, X. Liu, W. Min, and M. Sabir, “On some new 
operations in soft set theory,” Computers & Mathematics with 
Applications, vol. 57, pp. 1547-1553, 2009. 
7| X. Ge and S. Yang, “Investigations on some operations of soft 
sets,” World Academy of Science, Engineering and Technology, 
vol. 75, pp. 1113-1116, 2011. 
K. Babitha and J. Sunil, “Soft set relations and functions,” 
Computers e& Mathematics with Applications, vol. 60, 
pp. 1840-1849, 2010. 
K. Babitha and J. Sunil, “Transitive closure and ordering in soft 
set,” Computers & Mathematics with Applications, vol. 61, 
pp. 2235-2239, 2011. 
[10] D. Pei and D. Miao, “From soft set to information system,” in 
2005 IEEE International Conference on Granular Computing, 
pp. 617-621, Beijing, China, 2005. 
[11] F. Li, “Notes on soft set operations,” ARPN Journal of systems 
and softwares, vol. 1, no. 6, pp. 205-208, 2011. 
[12] F. Feng and Y. Li, “Soft subsets and soft product operations,” 
Information Sciences, vol. 232, pp. 44-57, 2013. 


5 


= 


6 


= 


8 


= 


9 


= 


Journal of Function Spaces 


13] 


14] 


15] 


16] 


17] 


[18] 


[19] 


[20] 


[21] 


[22] 


[23] 


[24] 


[25] 


[26] 


[27] 


[28] 


[29] 


[30] 


X. Liu, F. Feng, and Y. Jun, “A note on generalized soft equal 
relations,” Computers & Mathematics with Applications, 
vol. 64, no. 4, pp. 572-578, 2012. 


P. Maji, R. Biswas, and A. Roy, “Fuzzy soft sets,” Journal of 
Fuzzy Mathematics, vol. 9, no. 3, pp. 589-602, 2001. 


X. Yang, T. Lin, J. Yang, Y. Li, and D. Yu, “Combination of 
interval-valued fuzzy set and soft set,” Computers & Mathe- 
matics with Applications, vol. 58, no. 3, pp. 521-527, 2009. 


L. Zadeh, “The concept of a linguistic variable and its applica- 
tion to approximate reasoning-I,” Information Sciences, vol. 8, 
no. 3, pp. 199-249, 1975. 


Y. Jun and X. Yang, “A note on the paper “Combination of 
interval-valued fuzzy set and soft set” [Comput. Math. Appl. 
58 (2009) 521-527],” Computers & Mathematics with Applica- 
tions, vol. 61, no. 5, pp. 1468-1470, 2011. 


B. Chetia and P. Das, “An application of interval-valued fuzzy 
soft sets in medical diagnosis,” International Journal of Con- 
temporary Mathematical Sciences, vol. 5, no. 38, pp. 1887- 
1894, 2010. 


Y. Jiang, Y. Tang, H. Liu, and Z. Chen, “Entropy on intuitionis- 
tic fuzzy soft sets and on interval-valued fuzzy soft sets,” Infor- 
mation Sciences, vol. 240, pp. 95-114, 2013. 


F. Feng, Y. Li, and V. Leoreanu-Fotea, “Application of level 
soft sets in decision making based on interval-valued fuzzy soft 
sets,” Computers & Mathematics with Applications, vol. 60, 
no. 6, pp. 1756-1767, 2010. 


X. Liu, F. Feng, and H. Zhang, “On some nonclassical algebraic 
properties of interval-valued fuzzy soft sets,” The Scientific 
World Journal, vol. 2014, Article ID 192957, 11 pages, 2014. 


X. Liu, F. Feng, R. Yager, B. Davvaz, and M. Khan, “On mod- 
ular inequalities of interval-valued fuzzy soft sets characterized 
by soft j-inclusions,” Journal of Inequalities and Applications, 
vol. 2014, no. 1, Article ID 360, 2014. 


F. Smarandache, “Extension of soft set of hypersoft set, and 
then to plithogenic hypersoft set,” Neutrosophic Sets and Sys- 
tems, vol. 22, pp. 168-170, 2018. 


M. Saeed, A. Rahman, M. Ahsan, and F. Smarandache, “An 
inclusive study on fundamentals of hypersoft set,” in Theory 
and Application of Hypersoft Set, pp. 1-23, Pons Publishing 


House, Brussels, 1st edition, 2021. 


F. Abbas, G. Murtaza, and F. Smarandache, “Basic operations 
on hypersoft sets and hypersoft points,” Neutrosophic Sets 
and Systems, vol. 35, pp. 407-421, 2020. 


M. Ihsan, A. Rahman, and M. Saeed, “Hypersoft expert set 
with application in decision making for recruitment process,” 
Neutrosophic Sets and Systems, vol. 42, pp. 191-207, 2021. 


A. Rahman, M. Saeed, and A. Hafeez, “Theory of bijective 
hypersoft set with application in decision making,” Punjab 
University Journal of Mathematics, vol. 53, no. 7, pp. 511- 
526, 2021. 


A. Rahman, M. Saeed, and F. Smarandache, “Convex and con- 
cave hypersoft sets with some properties,” Neutrosophic Sets 
and Systems, vol. 38, pp. 497-508, 2020. 


A. Yolcu and T. Ozturk, “Fuzzy hypersoft sets and it’s applica- 
tion to decision-making,” in Theory and Application of Hyper- 
soft Set, pp. 50-64, Pons Publishing House, Brussels, 1st 
edition, 2021. 

M. Jafar and M. Saeed, “Aggregation operators of fuzzy hyper- 


soft sets,” Turkish Journal of Fuzzy Systems, vol. 11, no. 1, 
pp. 1-17, 2021. 


31] 


32] 


33 


= 


[34] 


[35] 


15 


S. Debnath, “Fuzzy hypersoft sets and its weightage operator 
for decision making,” Journal of Fuzzy Extension and Applica- 
tions, vol. 2, no. 2, pp. 163-170, 2021. 


A. Rahman, M. Saeed, and S. Zahid, “Application in decision 
making based on fuzzy parameterized hypersoft set theory,” 
Asia Mathematika, vol. 5, no. 1, pp. 19-27, 2021. 


M. Saeed, M. Ahsan, and T. Abdeljawad, “A development of 
complex multi-fuzzy hypersoft set with application in mcdm 
based on entropy and similarity measure,” IEEE Access, 
vol. 9, pp. 60026-60042, 2021. 


A. Rahman, M. Saeed, F. Smarandache, and M. Ahmad, 
“Development of hybrids of hypersoft set with complex fuzzy 
set, complex intuitionistic fuzzy set and complex neutrosophic 
set,” Neutrosophic Sets and Systems, vol. 38, pp. 335-354, 2020. 


A. Rahman, M. Saeed, F. Smarandache, A. Khalid, M. Ahmad, 
and S. Ayaz, “Decision-making application based on aggrega- 
tions of complex fuzzy hypersoft set and development of 
interval-valued complex fuzzy hypersoft set,” Neutrosophic 
Sets and Systems, vol. 46, pp. 300-317, 2021. 


